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ABSTRACT 



We demonstrate the equivalence of Virasoro constraints imposed on con- 
tinuum limit of partition function of Hermitean 1-matrix model and the Ward 
identities of Kontsevich's model. Since the first model describes ordinary 
d — 2 quantum gravity, while the second one is supposed to coincide with 
Witten's topological gravity, the result provides a strong implication that the 
two models are indeed the same. 
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1 Introduction 



Prom the early days of matrix models there is a belief that partition functions of two a 
priori different models of 2d gravity should coincide. The first is the (square root of) 
partition function Zqg{Tn} of ordinary Polyakov's 2d quantum gravity, described by the 
continuum limit of Hermitean 1-matrix model [1] (and is known to be a r-function of 
KdV hierarchy [2]). The second partition function Zfg of Witten's topological gravity [3] 
is a priori defined as a kind of generating functional of intersection indices of divisors on 
module spaces of Riemann surfaces with punctures. 

Later it was discovered [4,5] that ^J Zgg{Tn} satisfies a set of Virasoro constraints: 

Cn^Zgg{T} = 0, n > -1 (1) 



Id 9^ 1 



a,b>0 



Eq. (1) can be deduced [6] as a continuum limit of Ward identities in discrete matrix 
model, associated with the shift of integration variables [7] 

X + eXP+^ (2) 
in the integral over N x N Hermitean matrix 

Z^^\t} = J DX cxp -trV{X} (3) 



V{X} = J2t,X'' 

k=0 

However, it may be more reasonable to take these Virasoro constraints for a straightfor- 
ward definition of Zqg{T}, which does not refer to a sophisticated change of variables 
{t} {T} [6] and to discrete model (3) at all. 

As for Ztg it was recently represented by M.Kontsevich [8] in terms of another matrix 
model 
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sizeX —>oo 

where 



with 

C[M] = J DX exp -tr{MX2} = det(M ® / + / ® M)"^ (6) 

and X, M being (anti)Hermitean matrices. 

It is a simple combinatorial result, that as soon as the size of X goes to infinity Z^g^ 
becomes dependent only on the variables Q 

o2m+l 4 

T„ = ^tr M-2™-i -6^ 1 (7) 

m + i 3^3 ' ^ ^ 

The explicit formulation of the original suggestion in these terms would be 



Ztg{Tm} — \l Zqg{Tn} (8) 

which in particular implies the what is known as Witten's suggestion, i.e. that Ztg{T} 
is like Zqg{T} a r-function of KdV-hierarchy. A necessary condition for (8) to hold is 
that Ztg{T} defined by (4-6) satisfies the same Virasoro constraints (1). 

This is the statement which we are going to prove in the paper. Moreover we shall 
prove the relation involving Z^g^ (see eq.(16) below), i.e. valid for finite dimensional 
matrices X, which implies the entire set of Virasoro constraints only as the size goes to 
infinity. 

This statement is equivalent to (8) modulo: 

-'^We shall see the origin of 5m,i term and the ^^^i factor below. In these both aspects (7) is different 
from Kontsevich's definition of times variables. Though his choice is more appropriate for the study of 
generating functional for intersection indices, (7) is better to stablish the correspondence with 1-matrix 
model. In the other words, the generating functional of intersection indices appears to be a t— function 
only after appropriate rescaling of "time" -variables. 
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(i) the assertions which have been made by Kontsevich in the derivation of (4-6) from 
Penner's formahsm of fat graphs, and 

(ii) the so far subtle problem of uniqueness of solutions to Virasoro constraints (1). 

We know at least about two recent attempts to develop some similar [i.e. exploiting 
Virasoro constraints) approach to the study of suggestion (8). One is due to E.Witten [9] 
|. Another one is due to Yu.Makeenko and G.Semenoff [10] who investigated the relation 
between tree level approximation to ^J Zqg and Ztg. Explicit relation between [10] and our 
reasoning below deserves further investigation. 



2 Main results 

Since the Ward identities are a little obscure in Kontsevich's presentation (4-6), we begin 
with a slight reformulation of his model. 

After a shift of integration variable X ^ X — ^ and the redefinition = 3 A, we 
obtain 



^{A} = J DX exp{-trX^ + trAX) = C[VA] exp{^trA^/^)zlg'^ (9) 



with 



C[VA] = det(VA® J + J® yA)"5 (10) 

The functional J^{A} can be considered as a kind of matrix-Fourier transform of 
exponential cubic potential trX^. It satisfies obvious Ward identities, associated with a 
shifts of integration variables 



namely 



X^X + ep (11) 



^K^p^ - ^e,A)^{A} = (12) 



^We were informed about this talk by prof. I. Singer, but unfortunately we do not know what exactly 
has been done. 
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Here ep stands for any X-independent matrix, and A^^ denotes transponent matrix. There 
is as many as A^^ different choices of {N being the size of X matrix). Though the 
concrete choice of should not be essential, we shall assume it to be a function of A, 
e.g. ep = (with integer or half integer p , again it is not essential). In principle, 
there is nothing to forbid consideration of X-dependent e'^s, for example ep = X^^^ (as 
implied by [7]). This case was investigated to some extent in [10], but it leads to much 
more complicated Ward identities than (12) (because the integration measure is no longer 
invariant, and, what is more important, the cubic form of potential is not preserved). 
Clearly, the complete basis = X^"*"^ is somehow related to the basis ep = A^ and after 
all the Ward identities should be essentially the same (indeed, they were interpreted in 
[10] as Virasoro constraints), but it is not so simple to prove f\. 

Let us return to our Ward identities (12). Substitute in (12) the functional JF in the 
form, inspired by (9) 

^{A} = C[v^] exp{^trA'/')Z{T^} (13) 

with 



1 -trA-"^-l - -^6m,i (14) 



Our main statement (to be proved in sect. 3 below) is that after the substitution of (13) 
into (12) it turns into 



J2 tr{epA-^-^)CnZ = (15) 



n>-l 



The identity 



J^^i'p§j - \'P^)^ =\Y.^nZ tr{epA—') (16) 



Hr ^ ^ n>-l 

is valid for any size of the matrix A, but only in the limit of infinitely large A : 



^In fact, in actual derivating in ref.lO some other "master equations" are used (but not derived) 
instead of these Virasoro constraints. Master equation (eq.(3.1) in rcf.lO) is certainly nothing but our 
Ward identity (12) with (e)y = 6pidpj {p — 1 . . . N) in the basis, where A is diagonal (comp. with (20) 
below). 
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(i) it is reasonable to substitute Z^g in (9) by Ztg, which depends only on trA"^ with 
half-integer q's; 

(ii) the T^'s in (14) are really independent variables; 

(iii) all the quantities 

ir(e,A-"-2) (17) 
{e.g. trA^~"~^) become algebraically independent, so that eq. (15) implies that 

CnZtg{T} = 0, n > -1 (18) 



This concludes our derivation of Virasoro constraints for Zfg{T} defined as continuum 
limit of Kontsevich's partition function. 

Note that the fact that operators Cn in (15) contain only second T-derivatives, is a 
direct consequence of that only double A-derivativcs arise in the l.h.s. and thus of the 
cubic nature of potential trX^ in Kontsevich's model. It is very interesting (in particular, 
from the point of view of multimatrix and Potts models) to study the matrix-Fourier 
transform of potentials hke trX^'^^ for any degree K + 1. Amusingly enough, the corre- 
sponding Ward identities being transformed to the form of (15) contain operators similar 
to the higher-spin operators of the WK-dAgehra instead of the Virasoro generators £„. 
This should be somehow related to the recent suggestion of E.Gava and K.Narain [11], 
namely that the Ward identities in continuum limit of 2-matrix model acquire the form 
of l^ii-algebra constraints if one of potentials is of degree K. For a more close relation 
between [11] and the Ward identity (12) see [12]. 

3 The proof of the main result 
3.1 An important relation 

First, let us point out that ^{A} defined by (13) which we have to differentiate to prove 
(16) depends only upon the eigenvalues {Xk} of the matrix A. Therefore, it is natural to 
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consider eq.(16) at the diagonal point Ajj = 0, i ^ j. The only "non- diagonal" piece of 
(16) which survives at this point is proportional to 



dAijdAji 



_ ^ki — ^kj 



for i ^ j. (19) 



Eq. (19) is nothing but a familiar formula for the second order correction to Hamiltonian 
eigenvalues in ordinary quantum-mechanical perturbation theory. It can be easily derived 
from the variation of determinant formula: 



5log{det A) = trj5A - ^tr{^6AjSA) + ... . 
For diagonal Ajj = Ai%, but, generically, non-diagonal SAij, this equation gives 



^ 5Xk _ _ 1 ^ 5Aij5Aji _ 1 ^ /j^ \_\ SAjjSAji ^ 

k '2 XiXj 2.^^\Xi XjJ Xi-Xj 

which proves (19). 

If applied to a function ^{A} depending only on eigenvalues of A, eq.(19) implies that: 
\ / II J '■J ji' 

^ ^ ajT /dXj - dT /dXj ^2Q) 
j \ ~ 

(note that the item j = i is not omitted from the sum). 

The general formula for matrix derivative of such functional at diagonal point is: 



jl---jn permutations V I jl J " " " V * jkJ 

3.2 Simplified example 

In order to illustrate the idea, we shall begin now with a simpler calculation which is (i) 
much more transparent that actual derivation of (16), and (ii) can be also of interest from 



the point of view of relation between discrete and continuum matrix models. Namely, let 
us derive the formula for the action of tr{epd^ / dh?} on a function ^('^^{tfc}, tk = \tr^, 
to — —tr{logA} (in variance with (14) the integer powers of A are involved). Then (using 
(19)) 



= ^ CnZ tr (e^A-"-') (22) 



n>-l 



with 



^n-T.khg^+ gfgr- (23) 

fc>l Olk+n a+b=n OlaOlb 
~ a,b>0 

Remarkably enough, the operators (23) are exactly the Virasoro operators annihilating 
partition function (3) of discrete matrix model. In these models also the io-dependence 
of Z^'^') is fixed: 



dto 

This corresponds to extracting the factor e~^*° = {detA)~^ from Z^'''\ This factor should 
be compared with 

C{VA) = [det(\/A ® J + / ® VA)]-^/^ 

in the continuum case. Note that while C{M) — [det(M(8)7+7(g)M)]~^/^ is a normahzation 
factor for Gaussian measure dX ex^{—tr{M X'^)} , in the discrete case we have 

{detX)-^ = det-^'^M^ = det-^/^{^/M ® Vm). (24) 

This represents a normahzation factor for slightly different Gaussian measure , that is, 
dX exp{-tr(v^Xv^X)}. 

The derivation in this subsection is not of immediate use, since (i) we did not find 
anything like Ward identity 



and (ii) in the case of finite size N of the matrices there is no way to distinguish particular 
terms in the sum over n in (22) (the quantities tr{epA^"^^} arc algebraically dependent). 
Still it is an amusing reformulation of discrete Virasoro constraints, especially because it 
is somewhat generalizable: 

S iyf)z('^)0}ir(6,A-^-) (26) 

X^^HrJ n>l-K 

is similarly represented as a sum of harmonics of the (discrete-model) W^^^^-operators, 



d 



ki,...,kK-i 



dtu 



+ ...+ 



+ 



E 



QK 



df df 

ai+...+aK=N '-"^ai-'-^'-aK 



(27) 



Tilde over W stands to emphisize that the relative coefficients in the sum (27) do not 
coinside with the conventional definition of 1^^^^-operators of 1^-algebra. While (16) — 
the continuum-model analogue of (22) — will be explicitely derived in s.3.3. below, the 
analogue of (27), which hopefully exists as well, deserves more efi:orts to be worked out. 

3.3 Derivation of eq.(16) 

Now we shall turn directly to the proof of (16). Since ep is assumed to be a function of A, 
it can be, in fact, treated as a function of eigenvalues Aj. After that, (16) can be rewritten 
in the following way: 



-2 4^3/2 

e 



tr ep{ 



C{^^K)Z{T} [ "'dA^ 3 



C(VA)e57f*^^'''z{T} 



(28) 



■E 

a,b>0 



2^ep(Ai)TT^ • — + 



dTadn 



(29) 



^ 1 ^dZ 
Z 

n>0 " 



E^p('^« 



d'Tn , dT^dlogC 



dAijdAj 
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+ 



^2 



1 

dAijdAji [3V^ J y 
J 2 1 9trA3/2 



+ 



with trA=^/2 = Efc A^/^ and 



First, since 



9Tn _ n-3/2 

it is easy to notice that the term with the second derivatives (29) can 
written in the desired form: 



(29)= E E'^pMAr"-^ J2 ^ = 
= E tr{e,{X.)A—^} E 

n>-l a+6=n-l ^-'a^-'*' 

For the first-derivative terms with the help of (35), 

dlogC 1 



E 



and 
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= + ■ (40) 



dAijdAji ^ dAijdAji dXk dX. 

Then we have 



n>0 



X n-3/2 , ra-3/2 



n>0 



n-l 



a+b=2(n+l) 
1 , 2 



E E 6p(A,)Ar-2+«A7"-^/^ - E V'^-^ 



i,j a=0 



^EE^.(W"-^ E Ea; 

n>-l i fe><5n+i,o \ j 



k-1/2 



TS^kA 



dZ 



•\/3 ' / dTn+k 



n>-l 



k>5, 



'n+1,0 



2 dTn+k ' 



(41) 



where 



A; + 1/2^'^^ 3^3 

The remaining part contains terms proportional to Z itself which need a bit more care. 
First, it is easy to notice that two items in (31) just cancell each other, so the (31) gives 
no contribution to the final result. For (32) we have 



3^3 



^ BHrA^/^ ^ ,dtrA'/^ d^Xk 
E^p(AO +E^p(A» 



dXk dAijdAji 



Using (39) and (19) it can be transformed into 



(42) 



1 

73 



1 ^ . 1 



(43) 



\/3 ij \fXi + \fXj 
and this cancells (33) (using (38), (39)). Thus, the only contribution is (34), which gives 
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^ d'^Xk dlogC 1 d^C 



1 



k - \j) 



( 



dHogC fdlogCY 



Now, using (19') and (38) we obtain for (34): 



+ 



+ 



16 



+ \i:e,{X,)X.' 

+ 1 ^ ^p(Aj) 



1 



+ 



1 



\/Ai ( v^. + \/A,) {^^X, + y/Xj)\ 
1 1 

+ 



2 i^fc - 
5 

16 



{y/Xi + y/Xj){VXi + ^/Xk) 

1 1 



y/XjiVXj + y/Xk) ^/X^{^/Xi + y/Xk) J 
E^p(^OAr' + E {le,{X,)Xr'Xj' + le,{X,)X:'/'xf') 



+ E ep(A.) f 



1 



2(Ai — Aj 
5 

16 
1 

4 



4Ai(VAi + \fXj){^i + VAfc) 
1 1 



\fXj{\/Xj + ^k) VXj{\/~Xi + \fXk 
Y.e,{X,)Xf + E (^6,(A0ArU7^ + ^6,(A0Ar^/^A7^/^) 



In the last equality we used the fact that 



j^k - \) L A( A- + v^fe) A(v^i + v^ifc). 



4S{(A.-A,) 



v^j (v^j + VAifc) VAj ( A + VAfe) 

+ (J- 



+ 



Finally, (45) can be rewritten as 
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2 



16 . 



n \ i ) 



16 



5n,-l 



2Ea: 



-1/2 



Now taking together (37), (41) and (47) we obtain our main result: 



_ 2 t,.A3/2 

e 3%/3 



9^ 1 



C(VA)^{T} L "^'^2 3 



C(VA)e5^*''^'''z{T} = 



n>-l 



9 



^2 



n+1,0 



a>0,6>0 
n2 



+ ^^n,0 + ^5„+i,oTo'}Z(T)=0. 



This completes the derivation. 
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